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Abstract—The aim of this paper is twofold. Firstly, we propose
a method that combines tree search — specifically, Monte Carlo
Tree Search — with value prediction models conditionally based
on the model’s uncertainty in a given state. If, during the search,
this uncertainty is within the allowed margin, the current path
is terminated, thereby saving simulation budget. This method,
overlooked in literature, results in a non-uniform frequency of
model usage, in contrast to typical methods applied to game-
playing agents, which we summarize in the paper. Secondly, we
investigate the effects of using models with various frequencies
and prediction accuracies. Rich empirical results demonstrate
the impact of 110 combinations of these parameters across
various search budget scenarios. Generally, weaker players, for
example, those performing fewer search iterations per move,
benefit more from a broad selection of prediction models. For
stronger baseline MCTS players, the model should only be
used when its predictions achieve an accuracy greater than 0.9,
especially when the objective is to develop an agent with high
efficacy. Practical applicability of the proposed approach has
been demonstrated in additional experiments involving chess and
Othello, employing different approaches to prediction models. In
both of them, it outperformed the baseline approaches.

Index Terms—Monte Carlo Tree Search, simulations, rein-
forcement learning, games, combinatorial optimization.

I. INTRODUCTION

ANY Artificial Intelligence (Al) researchers have de-
M voted their skills and efforts to creating agents capable
of playing mind games. The short-term goals typically include
developing the strongest artificial player for a given game
or achieving human-level efficacy. Longer-term goals aim
to surpass top human players [1] or even solve the game
completely [2]. Games have acted as a litmus test measuring
progress in the field for several reasons [3]. Some of them
are: the fact that games require intelligent strategic decision-
making to achieve good results, each game provides a formal
feedback signal in the form of a score (at least a win or
loss), and they offer repeatable, constrained environments
for controlled testing. Moreover, games are fun for humans,
providing not only human opponents for comparison but also
making progress exciting within the community.

Modern research trends in game Al encompass tackling
increasingly complex games [4], developing programs capable
of playing multiple games [5] (termed multi-game playing),
and using algorithms originally designed for games in non-
game contexts, such as combinatorial optimization [6], com-
putational chemistry [7], scheduling [8], logistics [9] and many
other. One of the state-of-the-art algorithms utilized for games

and other sequential decision-making problems is Monte Carlo
Tree Search (MCTS). Initially proposed for Go [10], [11], it
facilitated a quantum leap in playing efficacy. It later became
a core component of the renowned AlphaGo [12] and Alp-
haZero [1] programs, which marked milestone achievements
not only in Go but also in the general field of AI. Unlike
traditional tree search algorithms like min-max, MCTS does
not require a heuristic evaluation function, although it can
benefit from one when available. Traditionally, these functions
were hand-crafted by experts, sometimes written as a linear
combination of features, with feature weights optimized using
methods such as evolutionary algorithms. Currently, with ma-
chine learning (ML) leading broad Al research, the evaluation
function is often represented as an ML model.

We have thoroughly analyzed literature on MCTS, which
incidentally led to writing a survey paper on the subject [13].
Our findings indicate that existing combinations of MCTS
with ML do not fully capitalize on dynamic estimations of
uncertainty in the encountered states during the search. For
more details, please refer to the next Section, where we
enumerate related approaches. Our proposed approach is a
self-balancing mechanism, which allocates the majority of the
simulation budget to either search or prediction based on the
confidence levels in particular states. Throughout this paper,
we refer to confidence as the inverse of uncertainty. In addition
to proposing a novel method, this paper’s contributions include
an analysis of the effects of incorporating prediction models
with varying frequencies and accuracies. Many insights from
this analysis are presented in Section V.

This paper is organized as follows. The next section presents
related work, including all commonly applied methods of
combining tree search with machine learning. In Section III,
we introduce our approach, followed by descriptions of two
empirical experiments. The first experiment is devoted to
a fundamental analysis of the properties of our approach
and employs a custom setup introduced in Section IV. The
corresponding empirical results are presented in Section V.
The second experiment, detailed in Section VI, reports on a
study conducted using real-world games, specifically chess
and Othello, to further support the analysis. The final section
is devoted to conclusions. In the Appendix, we discuss and
reference the dataset obtained during our research, which has
been made publicly available.
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Fig. 1. Four phases in each iteration of the MCTS algorithm. The algorithm typically is executed for a given running time or a fixed number of iterations.

II. RELATED WORK
A. Monte Carlo Tree Search Background

MCTS is an iterative algorithm. Each iteration consists of
four phases as depicted in Figure 1.

1) Selection: this phase always starts at the root node of
the MCTS tree stored in memory. The goal is to explore the
tree using the so-called selection policy until a leaf node is
reached, i.e., when the next action would fall outside the tree.
The most commonly applied selection policy is called Upper
Confidence Bounds Applied for Trees [14]:

In[N(s)]

a* =arg max { Q(s,a)+C N(s,a)

acA(s)

(D

where A(s) is the set of actions available in state s, Q(s, a)
is the observed average result of playing action a in state
s, N(s) is the number of times state s has been visited in
previous iterations, and N (s, a) is the number of times action
a has been sampled in state s. The constant C' controls the
balance between exploration and exploitation.

2) Expansion: if this phase was not skipped due to visiting
a leaf that contains the terminal state of the game, the state
that occurs after taking the action that falls outside the tree
is added as a new node to the MCTS tree.

3) Simulation (Monte Carlo phase): From the last visited
node in Selection, the algorithm performs a full playout of
the game using the so-called default policy to sample the
results (game scores). The baseline default policy involves
choosing actions at random with uniform probability.

4) Backpropagation: The game results are propagated
back to all nodes that have been visited in the current iteration
of MCTS. The number of visits, total scores, and mean scores
are updated accordingly.

When the stop condition occurs, it is time to make a move
in the actual game (or any decision problem the algorithm
is used for.). Typically, as in our experiments, it is the
highest evaluated action, i.e., arg max,c4(s) {Q(s,a)} from

the actions available in the root. The second most common
approach is to choose the most visited action in the iterations
so far.

B. Combining Search with External Models

Combining state-space search with heuristics dates back to
the first checkers and chess programs. In 1959, Arthur Samuel,
one of the participants of the famous Dartmouth Workshop
where the term Al was coined, published a pioneering work
titled “Some studies in machine learning using the game of
checkers” [15]. The paper introduced utilizing a heuristic
evaluation function with the min-max algorithm [16]. The
author proposed a context-dependent method for determining
when the tree-search algorithm should stop and assign the
heuristic evaluation of the state corresponding to the node in
the tree where it stopped. For instance, in Samuel’s program,
the search stopped at a depth of 3-ply' if no special conditions
occurred, such as the next move being a jump, the last move
being a jump, or an exchange being possible. Such an obtained
evaluation would be propagated to the root according to the
min-max rule. For many years, the state-of-the-art programs for
combinatorial games combined heuristic evaluation functions
with a variant or extension of a min-max search algorithm such
as alpha-beta pruning [17]. A notable example is guiescence
search [18], which was one of the search techniques of Deep
Blue [19]. It has a similar intuition behind the method we are
proposing in this paper. Herein, the idea is to only evaluate
“quiet” (stable) game configurations during the tree search. If
the current node does not represent a “quiet” state, the search
should continue.

Currently, the strongest game-playing programs often com-
bine MCTS with ML models that can predict the quality of
a state or a move in the game. However, from the MCTS
perspective, this integration with external models is invariant
to the technical realization of those models - whether they are
ML-based, hand-crafted by experts, or created in another way.

In the literature, there are the following ways of integrating
external models with the MCTS search algorithm:

o In the Monte Carlo phase:

A ply is a turn taken by one of the players. In two-player sequential games,
typically a whole turn consists of two plies.
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— Early termination: a very common approach (e.g.,
in [20], [21], [22]) is to terminate a simulation with
a small probability or at a fixed depth and return
the model’s evaluation instead of the simulation
outcome.

— Complete replacement: as a special case of the above,
the evaluation may completely replace the Monte
Carlo phase, as reported in [23], [24].

— Epsilon-Greedy: during simulation, the agent
chooses the highest-evaluated action by the
heuristic with probability € and otherwise a uniform
random one. This technique has seen numerous
applications [25], [26], for example to the so-called
history heuristic [27].

— Altering policy distribution: in a more general case,
the evaluations from the model affect the probabil-
ities of actions chosen in the simulation. The most
common approaches are based on Soft-max [28] or
Boltzmann/Gibbs distributions [29]. The policy for
the Monte Carlo phase can be fully represented by a
model, as demonstrated by the rollout policy network
in AlphaGo [12].

— Action pruning: based on a heuristic, certain actions
may be removed from the available options [30].
This approach can again be considered a special case
of altering policy distribution, wherein some actions
are assigned zero probability.

o In the Selection phase:

— Weighted evaluation: the heuristic state evaluation
can be a combination of the standard MCTS es-
timation of the Q value [31]. For instance, in Al-
phaGo [12], the evaluation of a state was a linear
combination of the scores obtained by random play-
outs in MCTS and the estimations from the value
network vg - trained using reinforcement learning:

V(s) = (1 = XNwva(s) + A - simulation(p) (2)

— Weighted exploration: both AlphaGo and AlphaZero
use a variant of the pUCT algorithm (first introduced
in [32]), which leverages the learned policy to adjust
the exploration term C' in the UCT equation (see
Eq. 1). Initially, the exploration favors actions with
high prior probability and low visit count, but asymp-
totically it shifts focus toward higher () values.

— Progressive widening: as a more general case, the
heuristic estimation can be used to “kick-start” the
process. The weight denoting its influence is reduced
as the number of iterations grows [33].

— Move sorting: the model’s evaluation can be used
to determine the order in which MCTS selects the
actions for the first time [23], [34], [35]. Although
the algorithm will eventually select each action in a
node at least once, certain nodes down the tree are
less likely to be revisited - therefore the impact of
the first visited action is significant.

C. Including Uncertainty in MCTS

The following works focus on managing uncertainty within
the MCTS process. They are loosely related to our approach
in that they address uncertainty. However, a distinctive feature
of our method is its emphasis on the uncertainty estimation
of an external model. While we do not have the ability to
learn and refine the estimates during the search, we also avoid
errors, e.g., related to a lack of samples. Both approaches can
be used together to complement each other.

Let us start with UCB1-Tuned, introduced in [36], which
is a modification of the UCB formula (upon which the UCT
formula is based). It introduces an additional term to the ex-
ploration component to account for the variance of the rewards
for each action. The level of exploration for actions with lower
variance can be reduced. The exploration component in UCB1-
Tuned is presented in Eq. 3 below:

log N(s)

N(s,a)

2log N(s)
N(s,a) > ®)

1
- min (4, V(s,a) +

where V (s, a) is the empirical variance estimate of the rewards
received from taking action a in state s and the remaining
symbols are as in Equation 1.

In a study focused on comparing 11 different selection
strategies in the game of Tron, conducted in [37], UCBI1-
Tuned was the best-performing strategy. Building on UCB1-
Tuned, the authors of [38] proposed UCBT, which integrates a
formal Student t-test to detect high and low variance rewards
[38]. This modification automatically adjusts the exploration
constant (C) in the UCT formula (making it potentially
parameter-less). This way, it directs the search budget to parts
of the tree with higher uncertainty.

In a paper titled “The Second Type of Uncertainty in Monte
Carlo Tree Search” [39], the authors present a method named
MCTS-T+, which introduces a third term to the UCT formula
in addition to existing action quality and exploration factor.
The added term represents the namesake uncertainty and is
based on the variation in subtree size. Larger subtrees are gen-
erally associated with higher variance. Furthermore, MCTS-
T+ accounts for loops in simulations, where the same state
is encountered at least two times during the same simulation
episode. The authors underline the differences between loops
and transpositions. In particular, MCTS-T+ detects situations
where loops should not be explored at all.

Another approach is called Bayesian UCT, which utilizes
Bayesian principles to represent uncertainties in node values
[40]. By combining prior reward information with stochastic
trial results from leaf nodes, it updates the node values using
posterior distributions. These distributions are propagated up-
ward in the tree using an inference model. The primary method
for representing these probability distributions is through
Gaussian approximations. A similar idea of modeling scores
of states and actions as Gaussian distributions was presented
in [41]. Here, the authors introduce a new back-propagation
scheme (that propagates uncertainty from the leaf nodes to the
root) based on the Wasserstein barycenter and a-divergence of
all children nodes along the path.
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III. THE METHOD

The proposed method extends the baseline MCTS algorithm
introduced in Sec. II-A. The idea is to use a model together
with MCTS that satisfies the following conditions:

1) Given a state, it estimates (predicts) the result of the
game for the participating players. Such models, approx-
imating the so-called value function, are very popular
in Machine Learning research for games. They can be
trained using historical results from the game. They are
less popular when the state evaluation model is created
manually by experts - in such cases, the evaluation
function can be used to compare the quality of various
states, but the absolute values do not often represent
the game results, only correlating with them (e.g., the
material-based evaluation in chess engines).

2) It also returns the confidence estimation of its prediction,
i.e., how certain or uncertain it is. Such information
is not utilized enough in game-playing programs as
discussed in Introduction and Related Work. Certain
machine learning models, such as Random Forests or
Gaussian Processes, already have a built-in quantifica-
tion of uncertainty. When such an inherent mechanism
is unavailable, there are external techniques to measure
uncertainty such as Monte Carlo Dropout or Bayesian
Active Learning. Finally, a separate model can be trained
with the objective to quantify the uncertainty attributed
to the output of the given prediction model.

The proposed algorithm introduces two modifications:

o In the Selection phase: upon the creation of a node, the
algorithm checks if the prediction model’s confidence ex-
ceeds a certain predefined threshold considered sufficient.
The exact value is game-specific and may require exper-
imentation. In our main experiment, we use a probability
parameter for this. If the confidence threshold is reached,
the Selection phase immediately ends and the algorithm
proceeds to Backpropagation, which follows the standard
protocol of the algorithm.

o In the Simulation (Monte-Carlo phase): similarly, at each
simulation step, the model’s confidence in the current
state is assessed. If the confidence exceeds the thresh-
old, the simulation is terminated early, and the model’s
prediction about the game result is sampled instead. This
idea is illustrated in Figure 2.

In the proposed method, it is more appropriate to use steps
instead of iterations as a stop condition to control the running
budget of the algorithm. A step corresponds to one action
and one change of the currently visited state, which can be
performed in the Selection or Backpropagation phase. In the
literature, a step is often referred to as a forward model call
in this context. The rationale for using this setup is that
our iterations have unpredictable length due to the context-
dependent test whether the model is confident about the current
state. We can make the most out of the simulation budget
by increasing the granularity of its measurement. This idea is
presented in Figure 3.

Repeated in each step

Use the model

+ obtain +

confidence
(or uncertainty)
of the prediction

prediction of the game
result

l

terminate the
current iteration

and use the
result as Monte

Carlo sample

IF
prediction confidence
> threshold

@00

<«

i-th step

continue

(i+1)-th step

Fig. 2. In each step of the search algorithm, there is a check to determine
whether to use a model based on its confidence estimation. This approach can
be applied to any search algorithm that operates with the same type of values
(e.g., game outcomes) that the model predicts. We employ this method with
MCTS, one of the leading techniques for addressing combinatorial games.

Iterations
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Fig. 3. An illustration of non-uniform-length iterations that are dynamically
terminated. The simulation budget is equal to the number of steps performed
in all iterations. Nodes with diamonds inside represent simulations terminated
due to the uncertainty of the prediction model being low enough. Nodes with
smaller black filled circles inside represent natural game end-states

IV. EXPERIMENTAL SETUP FOR FUNDAMENTAL ANALYSIS
A. The Environment

The first test environment has been inspired by research
presented in the article [42] by Galvan and Ameneyro, which
concerns optimizing the UCT formula used in MCTS.

Herein, the authors define “games of function optimization”.
These are single-player games. Each game (variant) is associ-
ated with a function f : R — R. A state in the game is defined
by an interval of z values: [A4, B]. The root state corresponds
to the entire allowed domain. In our experiments, we set A = 0
and B = 1000, therefore, = € [0, 1000].
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In each state, the player has two actions:
e ay: go left, which results in a state that corresponds to
the first half of the parent’s state interval:

A+ B
5 ] “4)

e as: go right, which results in a state that corresponds to
the second half of the parent’s state interval:

A+B,B}

next([4, B, a1) = [A,

. 5)

The goal of the game is to find the function maximum. In
the referenced paper [42], the game state was terminal when
|B — A| < 107 for this state. We define a terminal state as
having a depth of 26, where the root has a depth of 0. This
is equivalent to reducing the original interval 226 ~ 6 x 108
times. Since our starting interval is [0, 103], after 26 bisections,
the terminal interval will be of length < 107°. In a terminal
state, the game result (propagated score) is determined by the
function value at the midpoint of the interval.

In the experiments, we use three functions: f1, fo, and f3,
presented in equations 6, 7, 8 and with plots shown in Figure 4.

next([A, B], az) = (

Function1  maz(f;) =1 for certain x values < 1

WV
0 0.2 04 06 0.8 1 12 14 16
Function2  ™az(f2) =500 for = = 1000
..... e T TR TR
Function3  maz(f3) = 0.5 for z € [705, 710

Fig. 4. Three functions used for the experiments. Only the portion of the
[0,1000] domain is shown. Function 1 does not have a maximum past 0.4.
Function 2 is generally increasing (with oscillations). Function 3 has the
maximum value on a short sub-interval.

The first function is directly taken from [42]. The maximum,
equal to 1, is achieved for several z values in the [0, 1) part of
the interval. It is interesting due to its ruggedness - the maxima
lie in the vicinity of small values. Moreover, in the remaining
part, i.e., [1,1000], there is not a single maximum. Therefore,
the first actions taken in the game have to be perfect.

0.5 + 0.5] sin(—1—)
_ (z40.1)°
fi(=) { & +0.5] sin(57)

x < 0.5

x>0.5 ©)

The second function is also taken from [42], but in that
paper, it was confined only to the [0,1] domain, whereas
we use [0,1000] as mentioned before. In contrast to the first
function, here the maximum, equal to 500, is achieved in the
very last section of the domain.

fo(z) = 0.5z + (=0.7z + 1) sin(57z)* 7

Finally, the third function is particularly difficult because
the maximum, equal to 0.5, is found in a small section when
x € [705,710].

0.5

B @ € [705, 710]
fa(x) = {0,3 * sin(0.052)

otherwise

®)

The motivation behind using this experimental setup is

three-fold:

1) Single-player games are convenient to present the idea
and analyze the state-space search capabilities of the
respective approaches.

2) The results will stabilize more quickly - there is no vari-
ance associated with testing against various opponents.
Moreover, the results are absolute, not relative to other
players.

3) Our experiments require prediction models - it is easy
to simulate them in the proposed environment.

4) We refer to an existing body of research (article [42]).

B. The Tested Approaches (Player Variants)

The aim of the experiments is to:

1) Validate the concept of using prediction models in a
context-dependent way. We want to compare the results
of such approaches to the regular MCTS with various
simulation budgets as well as against one alternative
method for integrating search with prediction models.

2) Analyze how often the models need to be certain in order
for them to be useful compared to vanilla MCTS.

3) Analyze the effects of “false positive” firing, i.e., when
the models falsely evaluate confidence but their output
is, in fact, inaccurate.

All these together will determine the circumstances under
which it is worth using the proposed method.

Therefore, we have prepared a family of MCTS-based
players, all following the proposed method according to the
description in Section III. The exploration parameter C' (see
Equation 1) was set to \/maxme[o,looo] (fi(z)) for each of
the game variants, respectively. They differ by the following
parameters:

1) Steps - the number of simulation steps they are allowed
to perform per each move (decision state). When this
limit is achieved, the player makes a move. Typically,
MCTS-based players have a time for move allotted or an
iteration budget. The time limit is hardware-dependent,
so we want to avoid it in research, if possible. The step
limit allows for more granularity than the iteration limit
as each iteration consists of steps. We experimented
with three values: Steps € [100, 1000, 10000].

2) Frequency of estimated certainty (of the model) - this
is the probability that in a given state, the model will
say it is confident (certain) about its prediction, and
therefore, this prediction will be used (see Figure 2).
For example, if the frequency is equal to 1.0, the
model’s prediction will be used in every step. We
wanted this to be consistent for a state, so we store the
result of the random draw in a given state. Whenever
the same state is visited again, the model will or will
not be used exactly the same as it was during the
first visit to the same state. This parameter was tested
with a whole range of values: frequency-of-EC €
[0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0]. It is
worthwhile noticing that the value of O reduces to the
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baseline MCTS algorithm. This way, we do not need a
separate vanilla MCTS player. This parameter simulates
a joint property of the game environment and the
model. In a specific game, the frequency of estimated
certainty would depend on the model’s quality, the
difficulty of game states for the model’s assessment,
and the chosen threshold for certainty.

3) Model accuracy - this is the probability that a model
will not make a mistake and return the correct prediction.
The correct prediction is defined as:

redict([A4, B]) = max f(x 9

predict([4. B]) = mave f(x) ©)

The incorrect prediction is sampled with a uniform

random distribution from the interval around the correct

prediction. The range IR around the correct prediction is
inversely proportional to the model’s accuracy:

predict([4, B]) = f(U[z* — R,z* + R])
where:
o x* = argmax,c(a g f(z)
o R=25544%(1— accuracy)
e U[x1, 2] denotes a uniform random distribution
over the interval [z1, 23]

(10)

Because the method advises to check for the model’s confi-
dence and then use it prediction, incorrect decisions which are
possible if the accuracy is lower than 1.00, effectively simulate
the case of false positive confidence estimation.

The following values were prepared for experiments:
accuracy € [0.4,0.5,0.6,0.7,0.75,0.8,0.85,0.9,0.95, 1.0].
Less accurate models would not be worth using at all in the
game.

Additionally, we introduce a player named AZ-Ins-LE, an
MCTS-based player that employs a simple AlphaZero-inspired
leaf evaluation method. Given a prediction model, the first time
a node is created, the player backpropagates the model’s pre-
diction for that node. On subsequent visits to the same node, it
ignores the value function prediction and instead selects a child
node and traverses to it as the regular MCTS algorithm. If the
selected child node is newly created, the model’s prediction is
used there. The AZ-Ins-LE player is parameterized with steps
(for controlling the simulation budget) and model accuracy
parameters. However, the frequency of estimated certainty
parameter is not applicable to it as its way of using the model
is fixed.

This approach is similar to ours; however, the key difference
is that AZ-Ins-LE always uses the model immediately after
creating a node. In contrast, our method employs the model
conditionally, based on its confidence level. There can even be
iterations in which the model is not used at all. Furthermore,
while AZ-Ins-LE can expand a node where the model was used
in previous iterations, our approach treats such a node as a leaf
node during the current simulation process.

V. RESULTS FOR FUNDAMENTAL ANALYSIS

For each function and steps budget, each player variant
(with a specific parameterization) played 300 games — repeats

of the experiment. In this section, after exploring various
presentation styles for results, we concluded that aggregated
results offer the most clarity for interpretation. Detailed logs
and results, allowing for a per-function analysis, can be found
in the Appendix. Generally, the first function (i.e., f1), was
the easiest for the methods to optimize.

The aggregation was performed as follows: first, a mean
score mean(f;) was calculated for each function f; over 300
repeats. Then, the mean scores were normalized to the [0, 1]
interval in the following way:

mean(f;) — min(f;)
max(f;) — min(f;)

The final scores presented in the tables were averages among
functions:

(1)

Imean(f;)| =

3

score = Z 7|mean(fi)|

3 12)

i=1

The results calculated according to the aforementioned
methodology for different simulation budgets are presented
in Fig 5. To simplify analysis of the results, we introduce
specific color coding. Cells with a light turquoise background
represent scenarios in which the proposed method achieved a
better score than the vanilla variant of the MCTS algorithm
but not better compared to the AlphaZero-inspired approach
(AZ-Ins-LE). This vanilla variant is equivalent to using a
model with the frequency of estimated certainty equal to O
(i.e., not using a model at all) and represented in the first
rows in the tables. Cells with a darker blue background
highlight cases in which the proposed approach outperformed
AZ-Ins-LE (the last row) using the same prediction model
with the same accuracy but not the baseline MCTS. Finally,
cells with a gold background represent scenarios in which
the proposed method outperformed both comparative methods.

The key observations and insights gained from analyzing
the results are as follows:

e For 100 iteration steps per move, the baseline MCTS
player exhibits limited efficacy in solving the function-
optimization problems, achieving a score of 0.54.
In comparison, the method introduced in this paper
outperforms the baseline in 78 out of 100 parameter
combinations. However, for budgets of 1000 and 10000
steps, the scores of the baseline improve to 0.81 and 0.85
respectively, and the advantage of the proposed method
over the baseline MCTS is exhibited in 28 and 22
instances, respectively. The larger the simulation budget
allotted per move, the higher the required accuracy
of the model to surpass conventional MCTS. Notably,
increasing iteration steps from 100 to 1000 has a more
substantial impact on the score than increasing from
1000 to 10000.

e Using a predictive model in the proposed approach
enables an MCTS-based player with a smaller
computational budget to be as effective (in terms
of the achieved results) as one with a substantially
larger budget. For example, with 100 iteration steps,
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the proposed approach can achieve a score of 0.81 —
equivalent to that of an MCTS player performing 1000
steps — provided the model has sufficient frequency
of estimated certainty and accuracy. Specifically, with
(frequency-of-EC, accuracy) parameters like (0.4,0.85),
(0.5,0.85), (0.3,0.85), or (> 0.3,0.95), the proposed
method can achieve or surpass a (.81 score with
just a 100-step budget. Furthermore, if the model
accuracy reaches 0.9 or higher, certain frequency of
estimated certainty settings allow the proposed approach
to outperform baseline MCTS with even the largest
(10000) budget. This highlights the potential leverage
that high-accuracy predictive models can offer, even with
significantly lower simulation resources. The readers are
encouraged to investigate the results to find more such
parameter combinations.

o Regardless of the model’s frequency of estimated
certainty or simulation budget, employing a model with
an accuracy of at least 0.95 consistently provides an
advantage over the baseline MCTS (as indicated by the
entire column being highlighted in light turquoise or
gold). Thus, 0.95 might be considered a recommended
safe threshold for model accuracy when adapting this
method to a new problem. Notably, for a simulation
budget of 100 steps, an accuracy of 0.8 is already
sufficient to consistently outperform the baseline MCTS.

e In most cases, it is beneficial to mix tree-search with
model predictions. In the experiments, the highest
frequency of estimated certainty yields the best score
only when the model accuracy is 1.00. For lower
accuracies, the score distribution across frequencies is
non-monotonic. For example, with an accuracy of 0.95,
the optimal frequency is 0.8. As accuracy decreases,
the optimal frequency also reduces, allowing the search
process to “correct” some of the model’s errors. To
ensure the model is not used too frequently, one can set
a high confidence threshold.

o Accurately estimating the model’s uncertainty is crucial,
as it is preferable to rely on pure search rather than using
inaccurate models provided that the pure-search-based
performs relatively well (as observed in the case of 1000
and 10000 simulation budgets for the tested problem).

o The proposed method is capable of achieving the optimal
score for the problem, but this requires a (perfect) model
accuracy of 1.0. Moreover, the model must be used
to terminate iterations at least 80%, 60%, and 40% of
the time for simulation budgets of 100, 1K, and 10K
steps, respectively. This indicates that as the number of
performed iterations increases, the required frequency of
estimated certainty decreases.

e Compared to the AZ-Ins-LE method, the proposed
approach generally shows an upper hand. In all three
tables shown in Fig. 5, the dark blue and gold areas,

which indicate the advantage of our method, are large.
The only consistent exceptions occur when either the
prediction model is always used or the model has perfect
accuracy. In the former case, both approaches become
very similar in their underlying procedures. In the latter
case, i.e., when the model has maximal accuracy, the
AZ-Ins-LE approach becomes more favorable if the
model frequency of estimated certainty is less than 1.0.
However, when both frequency and accuracy are 1.0,
both approaches achieve the optimal score.

e When the model accuracy is < 0.85, increasing
simulation budgets appears to have only a marginal
impact on the performance of the model-equipped
players and, in some cases, may even lead to slight
performance deterioration. To investigate this behavior,
we analyzed potential causes. In some instances, the
worse results fall within statistical error. However,
in other cases, the primary reason for the decline in
performance was overestimation (an overly optimistic
evaluation) by the model - which the MCTS algorithm
is particularly susceptible to. With more iterations,
the likelihood of overestimation increases. As model
accuracy improves, the less risk of overestimation.

« Finally, it is interesting to note an emerging pattern. The
proposed method frequently surpasses both comparative
methods (indicated by the large gold area) with the
lower computational budget of 100 iteration steps per
move. However, with higher budgets, the extent of this
gold area becomes small, meaning that the results for
which the method is better than the comparative ones
are fragmented. With the exception of a model accuracy
of 0.95, for which the gold area remains present, the
method is typically superior to only one comparative
method, depending on the model’s accuracy. Specifically,
it tends to outperform AZ-Ins-LE at accuracies < (.85
and baseline MCTS at accuracies > 0.95.

Please keep in mind that what counts is the conditional
accuracy of the model given its confidence is higher than
the assumed threshold. Only in such states will the model
be used (see Figure 2 for the usage condition). Therefore,
the accuracy measured in game states where it is used must
be high, rather than the absolute accuracy across all possible
game states. Achieving high absolute accuracy is typically very
challenging, whereas it is more feasible to train a model that
frequently indicates a lack of confidence but delivers highly
accurate predictions when it does assert confidence.

VI. EXPERIMENTS WITH CHESS AND OTHELLO

The experiments aimed at analyzing fundamental proper-
ties of the proposed approach were supplemented with two
experiments using actual games, with two very different ways
of introducing prediction models capable of estimating their
uncertainty. In this setup, the proposed approach was directly
compared against the vanilla MCTS-based player and the
AlphaZero-inspired leaf evaluation approach (AZ-Ins-LE), as
described in Section IV-B.
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iterations = 100
Model Accuracy
Frequency of EC 0.4 0.5 0.6 0.7 0.75 0.8 0.85 0.9 0.95 1
0 0.54 0.54 0.54 0.54 0.54 0.54 0.54 0.54 0.54 0.54
0.1 0.56 0.57 0.63 0.63 0.67 0.70 0.72 0.73 0.74
0.2 0.60 0.66 0.67 0.73 0.73 0.78 0.79 0.81
0.3 0.59 0.67 0.69 0.75 0.78 0.83 0.85 0.86
0.4 0.58 0.66 0.72 0.75 0.81 0.85 0.89 0.93
0.5 0.59 0.68 0.68 0.75 0.81 0.86 0.90 0.96
0.6 0.57 0.66 0.71 0.76 0.78 0.86 0.91 0.97
0.7 0.55 0.64 0.70 0.75 0.81 0.87 0.91 0.99
0.8 0.55 0.63 0.68 0.71 0.79 0.85 0.92 1.00
0.9 0.55 0.60 0.66 0.69 0.76 0.83 0.88 1.00
1 0.33 0.36 0.40 0.47 0.52 0.57 0.63 0.77 0.86 1.00
AZ-Ins-LE 0.33 0.36 0.4 0.47 0.52 0.58 0.62 0.8 0.85 1.00
iterations = 1000
Model Accuracy
Frequency of EC 0.4 0.5 0.6 0.7 0.75 0.8 0.85 0.9 0.95 1
0 0.81 0.81 0.81 0.81 0.81 0.81 0.81 0.81 0.81 0.81
0.1 0.79 0.83 0.85
0.2 0.85 0.89 0.91
0.3 0.88 0.93 0.96
0.4 0.88 0.94 0.98
0.5 0.88 0.95 0.99
0.6 0.88 0.93 1.00
0.7 0.85 0.93 1.00
0.8 0.86 0.92 1.00
0.9 0.81 0.91 1.00
1 0.81 0.86 1.00
AZ-Ins-LE 0.33 0.41 0.42 0.44 0.51 0.57 0.63 0.81 0.89 1.00
iterations =10 000
Model Accuracy
Frequency of EC 0.4 0.5 0.6 0.7 0.75 0.8 0.85 0.9 0.95 1
0 0.85 0.85 0.85 0.85 0.85 0.85 0.85 0.85 0.85 0.85
0.1 0.88 0.92
0.2 0.92 0.96
0.3 0.95 0.99
0.4 0.94 1.00
0.5 0.95 1.00
0.6 0.94 1.00
0.7 0.92 1.00
0.8 0.92 1.00
0.9 0.81 0.89 1.00
1 0.34 0.37 0.42 0.62 0.81 0.90 1.00
AZ-Ins-LE 0.34 0.37 0.42 0.46 0.54 0.56 0.62 0.81 0.91 1.00

Fig. 5. The results of the function maximization problem, obtained through the proposed method with given parameters — model’s frequency of estimated
certainty (how often it is used to terminate iterations) and model’s prediction accuracy — and the AlphaZero-inspired method (abbreviated as AZ-Ins-LE in
the last rows). Each table corresponds to a different simulation budget for MCTS. The scores are aggregated across the three functions and normalized to the
range [0, 1]. The first row (probability of use equal to 0) serves as the baseline variant of the MCTS algorithm. The colors light turquoise, dark blue, and
gold are used to highlight instances where the proposed method surpasses the baseline MCTS, AZ-Ins-LE, or both, respectively.
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A. Chess

The first experiments were performed in chess. Here, we
used the Stockfish [43] engine to serve as the prediction
model for MCTS. Stockfish is arguably the strongest chess
engine created to date. The engine is capable of estimating
the advantage of a given player in the current position. In
this experiment, we use the value of this advantage as an
inverted prediction uncertainty margin, since a higher margin
indicates greater confidence by the engine that one player
is winning. This setup ignores the uncertainty of draws, as
they are treated as just uncertain positions. However, for the
purposes of the experiment, this limitation can be accepted
— it merely means that the model is certain slightly less
frequently than it could be. Nevertheless, we can still compare
the approaches using this model. Furthermore, draws between
two MCTS-based players in chess are rare unless the players
are setup to be very strong (performing millions of iterations
per move) or a specific rule for offering and accepting draws
is introduced. Without such a rule, games must be played
out to endgame draws such as stalemate. We included four
values for the advantage (confidence/certainty of the model):
[0.5,1.0,1.5,2.0]. A value of 1.0 is equivalent to an advantage
of one full pawn.

In addition to the model’s confidence, we parameterized it
with the time allowed for calculating chess position evalua-
tions. We set these times relatively low: 40 and 200 millisec-
onds, respectively, because they affect the total experiment du-
ration, and we prioritized the number of repetitions. Moreover,
Stockfish is already a strong prediction model even under lower
time constraints. The 200ms model produces more accurate
estimations than the 40ms model. These two values allow us to
measure the effect of stronger/weaker models combined with
given confidence estimations. The total number of Stockfish
engine parameterizations used is 2 X 4 = 8.

The results are presented in Table I. Each score represents
the average result obtained over a series of 200 games by the
proposed method using the model parameterization specified
in the first column, compared against two baseline approaches
(shown in the remaining columns) for two sets of iteration
steps budgets. A player received 1.0 for a win, 0.5 for a
draw, and 0.0 for a loss. For each pair of players, roles
(white and black pieces) were switched after 100 games.
When playing against AZ-Ins-LE, both players always used
the same prediction model (as specified in the first column),
however, the AdvThreshold parameter applies only to the
proposed method as this is the value that the calculated
advantage in the currently visited state is compared against.
The Time parameter applies to both methods. We computed
95% confidence intervals, all of which had lengths ranging
from 0.03 to 0.04.

The results show that the proposed method consistently
outperforms classic MCTS by a large margin. The only
exceptions occur with an advantage threshold set to 2.0 points,
where scores are as low as 0.48, 0.52, 0.52, and 0.53. This
suggests that a 2.0-point threshold is too restrictive, leading to
the model being used too infrequently. When the conditions
for using the model are relaxed, the results against the vanilla

TABLE I
THE RESULTS FOR CHESS. EACH CELL CONTAINS AN AVERAGE SCORE
€ [0, 1] (WHERE 0.5 DENOTES EQUAL PERFORMANCE) OF THE PROPOSED
METHOD AGAINST FOUR COMPARATIVE APPROACHES. CALCULATIONS
FOR 200 REPEATS, STARTING POSITIONS SWITCHED AFTER 100.

Model 1000 iteration steps [ 10 000 iteration steps
scores versus

AdvThresold / Time | AZ-Ins-LE | MCTS | AZ-Ins-LE | MCTS
0.5pts / 40ms 0.58 0.78 0.56 0.72
1.0pts / 40ms 0.56 0.82 0.55 0.67
1.5pts / 40ms 0.51 0.61 0.51 0.54
2.0pts / 40ms 0.51 0.52 0.50 0.48
0.5pts / 200ms 0.53 0.89 0.54 0.81
1.0pts / 200ms 0.50 0.85 0.50 0.79
1.5pts / 200ms 0.49 0.72 0.50 0.64
2.0pts / 200ms 0.49 0.52 0.49 0.53

MCTS player improve.

When comparing against AZ-Ins-LE, the scores obtained
by both players are generally similar, with the exception of
the lowest advantage threshold settings, which significantly
favor the proposed method. There is no single instance where
the proposed method is significantly weaker than a com-
parative approach. Overall, the strongest variant is the one
that utilizes the model most frequently (0.5-point certainty
threshold). However, against the base MCTS, it performs
best when paired with the stronger prediction model (200ms
calculations), whereas against AZ-Ins-LE, the best results are
achieved with the weaker model (40ms). This is likely because
AZ-Ins-LE operates using the same model, and the proposed
method appears to take better advantage of it.

B. Othello (Reversi)

In contrast to chess, we trained custom machine learning
models for Othello. The model type of choice was a Random
Forest, trained on a dataset of expert games available on
Kaggle [44], played by the top-1000 players on the e-Othello
platform. Game transcripts were used to reconstruct states by
applying moves from the initial position. From each game, two
states between the 5th and 40th moves were randomly selected
as training/testing samples. The decision to include only two
states was driven by the aim of minimizing correlation between
the samples. The total number of states available for the
training process was 51298.

To differentiate the models in terms of their efficacy, training
was performed on both the complete dataset (51K) and a
smaller subset (5K). For both datasets, 5-fold cross-validation
(5-CV) was applied. The models achieved accuracies of 0.58
(for the 5K dataset) and 0.68 (for the 51 K dataset) in predict-
ing the winners during training with 5-CV. While these results
could potentially be further optimized, model performance was
not the primary focus of this study.

As with the chess experiments, the second parameter rep-
resented the condition for using the model. Here, confidence
prediction intervals of the game result (1: win, 0.5: draw, 0:
loss) from the perspective of a given player were calculated.
For the procedure of calculating them, please refer to [45].
Three threshold values for the lengths of the prediction inter-
vals were included in the experiments: 0.05, 0.1, and 0.2. For
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each visited state, the proposed approach tested whether the
model’s prediction interval exceeded the given threshold. The
total number of model parameterizations used was 2 X 3 = 6.

TABLE I
THE RESULTS FOR OTHELLO. EACH CELL CONTAINS AN AVERAGE SCORE
€ [0, 1] (WHERE 0.5 DENOTES EQUAL PERFORMANCE) OF THE PROPOSED
METHOD AGAINST FOUR COMPARATIVE APPROACHES. CALCULATIONS
FOR 200 REPEATS, STARTING POSITIONS SWITCHED AFTER 100.

Model 1000 iteration steps [ 10 000 iteration steps
Pred. Interv. scores versus
/ TrainData AZ-Ins-LE | MCTS | AZ-Ins-LE | MCTS
0.05 /5K 0.63 0.63 0.57 0.54
0.05 /51K 0.60 0.64 0.56 0.59
0.1 /5K 0.53 0.55 0.55 0.54
0.1 /51K 0.51 0.61 0.50 0.55
0.2 /5K 0.53 0.52 0.53 0.48
0.2 /51K 0.51 0.54 0.49 0.52

The results are presented in Table II. The experimental
setup, including the opponents, the number of repeats, starting
positions switching, and the procedure for calculating average
scores, was analogous to the chess experiments. Each score
> 0.54 represents a statistically significant advantage for the
proposed method, which occurred in 14 out of 24 matchups. In
the remaining 10 instances, 7 showed insignificant advantages.
The three lowest scores were 0.50 (with the 0.1/51 K model
against AZ-Ins-LE), 0.49 (0.2/51K against AZ-Ins-LE), and
0.48 (0.2/5K against the baseline MCTS), all for 10000
iteration steps.

As observed in the chess experiments, a higher frequency of
using the model (resulting from a smaller prediction interval
length threshold) proved beneficial for the proposed approach.
Additionally, the proposed method performed better with
a lower number of MCTS iteration steps, which indicates
its potential suitability for time-constrained scenarios. This
confirms the findings from the experiments on the function-
maximization problem (see Sec. V), where the proposed
method gained the most significant advantage over compar-
ative methods when operating under the lowest computational
budget.

However, a limitation can be the inference (use) time of the
model used with the MCTS algorithm. This does not mean
that the proposed approach will be faster than other setups,
particularly those that do not use any model during the search.
Each case should be evaluated based on the particular time
requirements of the problem.

VII. CONCLUSION

In combinatorial games, the most effective playing pro-
grams typically combine search techniques with either an
explicit evaluation function or a machine learning model.
A state-of-the-art example of such a search technique is
Monte Carlo Tree Search. We have proposed a method that
dynamically combines MCTS with score-predicting models
based on the models’ confidence estimation regarding their
output. Empirical experiments performed in a single-player
environment as well as two multi-player games, have yielded
numerous insightful findings. Most notably, in most instances,
the models’ predictions need to be very accurate to justify

their inclusion over the standard, purely search-based MCTS
algorithm. In our fundamental experiment, scenarios with
larger computational budgets required an accuracy of at least
0.95 or 0.9 to outperform baseline approaches. Employing
models less frequently but ensuring their use in scenarios
where they provide high accuracy is more beneficial than
frequent use of less accurate models. Particularly, models
that overestimate expected game values negatively impact
the player’s performance. This approach strengthens the idea
behind the proposed method, which relies on a dynamic test.
This is opposed to many existing approaches that consistently
use evaluation models in a uniform manner, such as always at
a certain depth of the tree. However, if the simulation budget
is very limited and/or the baseline MCTS performance is poor,
then even a moderately accurate model can perform as well as
MCTS with a higher number of simulations. Results in chess
and Othello demonstrate that the proposed confidence-aware
MCTS method has the potential to become a highly effective
approach for game-tree search, provided that a prediction
model with uncertainty/confidence estimation is available. We
encourage researchers to further investigate and adapt this
concept within their game environments.

Future work will focus on conducting additional experi-
ments on complex multiplayer games, such as Go and real-
time strategy video games, exploring various settings related
to model accuracy and computational budgets for the search
algorithm. Independently, we aim to further investigate prob-
lems, in which the baseline MCTS configuration is very weak.
In such problems, it is likely that using prediction models
will be more promising. Additionally, another area left for
future exploration concerns the methodologies used in training
machine learning models for games, that can properly evaluate
(with high confidence) whether they will be accurate in a given
state.

APPENDIX A
DATA FILES FROM THE EXPERIMENTS

Data from the experiments, along with instructions on how
to interpret the files, can be found at the following link: https:
//github.com/MaciekArea7/data
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